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ABSTRACT 
For each d such that d -  1 is prime, a d-valent graph of girth 6 having 
2(d ~ -- d + 1) vertices is exhibited. The method also gives the trivalent graph 
of girth 8 and 30 vertices. 
NOTATION AND DEFINITIONS 
A simple circuit in a graph is any closed path in which no vertex occurs 
more than once. The girth of a connected graph is the least number of 
edges in a simple circuit in the graph. A graph is said to be regular of 
valence d, or simply d-valent, if every vertex is adjacent with exactly d 
other vertices. I f  the vertices x and y are the endpoints of the edge E, 
E will be written as (x, y); paths with the vertices x, y, z .... will be written 
as [x, y, z,...] or (x, y, z,...) accordingly as the paths are closed or open. 
Let G(d, 6) for d >~ 3 be the graph with vertex set V(d, 6) comprising 
the letters a, b, the integers n between 0 and 2d --  3, and all symbols of the 
form n(m), with m between 0 and d -- 2. The edge set of G(d, 6) contains 
(a, b) and the following: 
Ez={(a ,n ) :0  ~n ~d- -2} ,  
E~={(b ,n) :d - -  1 ~n ~2d- -3} ,  
E3={(n ,n (m)) :0  ~ n ~ 2d- -  3, 0 <~ m ~ d - -  2}, 
and E4 = {(i(m), d --  1 + j (m + tj)): 0 ~< i, j, m ~< d - -  2}, 
where m +/ j  is taken modulo d -- 1. 
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RESULTS 
THEOREM 1. I f  d -- 1 is prime, G(d, 6) has girth 6. 
Proof. Since G(d, 6) contains the hexagon 
[a, 0, 0(0), d -- 1(0), d -  1, b] 
its girth is at most 6. On the other hand, since E 4 can only have polygons 
of even length, we need only consider the possibility of a square occurring. 
If 
[i(m), d -- 1 q- j(m q- ij), k(m -k ij -- kj), d -- 1 q- p(m Jr ij -- kj q- kp)] 
is a square, then (/j -- kj -k kp -- ip) must be congruent to 0 modulo d -- 1, 
that is, (i -- k)( j  - -p)  must be congruent to 0, but this is impossible. 
REMARK. It is not known whether some other choice for the edges E4 
would give a girth of 6 to G(d, 6) for which d -- 1 is not prime. 
THEOREM 2. G(4, 6) is the unique tetravalent graph of girth 6 and 
having 26 vertiees. 
Proof. Let G be any such graph, then G has a subgraph corresponding 
to V(4, 6) and the edges (a, b), E l ,  E2, and E3. Through suitable lettering 
of the vertices of G, we can find 3 disjoint paths 
P~ = (0(m), 3(m), l(m), 4(m --I- 1), 2(m -- 1), 5(m)). 
Since each 5(m) must be adjacent with some 0(m), there are three cases. If 
the P,~ and their connections form an 18-gon, or a 12-gon and a hexagon, 
then G cannot be tetravalent, since no two adjacent vertices on the larger 
polygons can both be made tetravalent without creating a square. In the 
remaining case, where the edges (5(m), 0(m)) occur, it is easy to see that 
there is exactly one way of making all the vertices of G tetravalent. 
REMARK. It is not known whether G(d, 6) is unique for d > 4, but it 
seems unlikely, since the polygons in/?4 have length 2d -- 2. 
THEOREM 3. There is a unique trivalent graph of girth 8 and 30 vertices. 
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Proof Let G(3, 8) have the vertex set V(3, 6) as well as all symbols of 
the form n(m, p), where n = 0, 1, 2, 3 and rn, p = 0, 1. The edges will be 
(a, b), E l ,  E2, E~ of G(3, 6) and 
E~ = {(n(m), n(m, p)): n = 0, 1, 2, 3 and m = 0, 1}, 
E6 = {(i(m, p), j(m -k p + ij, p)): i, m, p = 0, 1 and j = 2, 3}, 
where m § p § (] is taken modulo 2. 
As in Theorem 1, G(3, 8) has no squares, and since i(m, p) and 
i(m,p + 1)are adjacent withj(m + p +/ j ,p )  andj(m -t-p q- 1 +/ j ,  p + 1), 
there are no hexagons in E5 and En. Furthermore, a hexagon in E6 would 
imply that some vertex was adjacent with two different vertices n(m, p) and 
n(m', p'), which cannot happen, so G(3, 8) has girth 8. 
To see that G(3, 8) is unique, note that the only possible ways of con- 
necting the n(m,p) while avoiding squares and hexagons are all 
permutations ofeach other, thus the corresponding graphs are isomorphic. 
